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1. Introduction

Let X be an irreducible smooth complex projective curve, and let S C X be a fixed finite subset. The notion of parabolic
vector bundles on X with S as the parabolic divisor was introduced by Seshadri [1]. Let G be any complex reductive group.
The generalization of parabolic bundles to the context of G-bundles was carried out in [2].

Here we take G to be the orthogonal or symplectic group. In these cases the parabolic bundles can be considered as a
usual parabolic vector bundles with a symmetric or alternating form taking values in a parabolic line bundle; the form has
to be nondegenerate in a suitable sense.

We define algebraic connection on orthogonal and symplectic parabolic bundles, and give a criterion for the existence of
such a connection (see Theorems 4.1 and 4.2). This criterion is similar to the one of Weil and Atiyah [3,4] for the existence
of an algebraic connection on a vector bundle over X.

It turns out that an orthogonal or symplectic parabolic bundle is semistable (respectively, polystable) if and only if the
underlying parabolic vector bundle is semistable (respectively, polystable); see Propositions 5.6 and 5.7 and Corollary 6.2.

We also prove the following theorem (see Theorem 6.1):

Theorem 1.1. Let (E,, ¢) be an orthogonal or symplectic parabolic bundle. Then (E,, ¢) admits an Einstein-Hermitian
connection if and only if it is polystable.

2. Orthogonal and symplectic structures

2.1. Parabolic vector bundles

Let X be an irreducible smooth complex projective curve. Fix distinct points of X
S:={x1,....x,} CX. (2.1)
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Let E —> X be a vector bundle. A quasi-parabolic structure on E over S is a filtration of subspaces
Ex, =F12--2F;2 - 2Fq 2Fiq41=0 (2.2)

over each point of S. A parabolic structure on E is a quasi-parabolic structure as above together with real numbers
O<aj1<-<aj<-<ag<1 (2.3)

associated to the quasi-parabolic flags. (See [1], [5, p. 67], [6].) The numbers in (2.3) are called parabolic weights.
A vector bundle equipped with a quasi-parabolic structure over S and parabolic weights as above is called a parabolic
vector bundle with parabolic structure over S. The subset S is called the parabolic divisor for the parabolic vector bundle.
We fix the divisor S once and for all. Henceforth, the parabolic divisor for all parabolic vector bundles will be D.
For notational convenience, a parabolic vector bundle (E, {F;;}, {«;;}) as above will also be denoted by E,.
The parabolic degree is defined to be

par-deg(E,) := degree(E) + Z Z a;j - dim(F;;/Fij1)- (2.4)

i=1 j=1

The real number par-deg(E.)/rank(E,) is called the parabolic slope of E.,, and it is denoted by ftpar(E+).

2.2. Parabolic dual and parabolic tensor product

In [6], an equivalent definition of parabolic vector bundles was given. This definition of [6] is very useful to work with;
we will recall it now. Take a parabolic vector bundle (E, {F;;}, {«;;}) defined as in (2.2) and (2.3). For a point x; € S and
t € [0, 1], let

E" CE

be the coherent subsheaf defined as follows: if t < «; 1, then
Ei,f — E

ift > a1, then E! is defined by the short exact sequence
0 —> E" — E —> E/Fij4; — 0,

where j € [1, ;] is the largest number such that «;; < t. Since F; o,41 = 0 (see (2.2)), it follows that Eit =E ®@X Ox (—x;)
fort > ;. Fort € [0, 1], define

n
EO =(E" CE.

i=1

Now we have a filtration of coherent sheaves {E; };.r defined by

Ec = E1 @ ox(—[t19), (25)
where [t] is the integral part of t (so 0 < t — [t] < 1). Note that

(1) the sheaf E; decreases as t increases,
(2) the filtration {E;};<r is left-continuous, more precisely, there is an € > 0 such that E;_. = E; for all t, and
(3) Ety1 = E: @ Ox(=S) forall ¢.

From the construction of the filtration {E; };cr it is evident that the parabolic vector bundle (E, {F;;}, {e;;}) can be recovered
from it. Conversely, given any filtration of coherent sheaves satisfying the above three conditions, we get a parabolic vector
bundle on X with parabolic structure over S. In [6], a parabolic vector bundle on X with parabolic structure over S is defined
to be a filtration of coherent sheaves satisfying the above three conditions.

Let

1:X\S—=>X (2.6)

be the inclusion of the complement. For any coherent sheaf V on X \ S, the direct image ¢,V is a quasi-coherent sheaf on X.

Let {V;}¢er and {W, };cr be the filtrations corresponding to two parabolic vector bundles V. and W, respectively. Consider
the torsionfree quasi-coherent sheaf ¢, ((VO X WQ) |X\5) on X, where ¢ is defined in (2.6). Note that Vs ) W, is a coherent
subsheaf of it for all s and t. For any t € R, let

& C 1,.((Vo ® Wo)lx\s)

be the quasi-coherent subsheaf generated by all V,, & W;_,, a € R.It is easy to see that & is a coherent sheaf, and the
collection {&;};cr satisfies all the three conditions needed to define a parabolic vector bundle on X with parabolic structure
overS.
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The parabolic vector bundle defined by {&};cr is denoted by V, ) W,, and it is called the tensor product of V, and W,.
Now consider the torsionfree quasi-coherent sheaf ., ((Vg‘ X Wo) |X\5) onX.Foranyt € R, let

Fr C ((V§ @ Wo)lxys)

be the quasi-coherent subsheaf generated by all V¥ Q Wy, o € R. This % is a coherent sheaf, and the collection {F;};cr
satisfies the three conditions needed to define a parabolic vector bundle with parabolic structure over S.

The parabolic vector bundle defined by {#;};cr is denoted by #om(V,, W,.).

Let LQ be the trivial line bundle ©x with trivial parabolic structure (there is no nonzero parabolic weight). Note that the
sheaf for t € R corresponding to this parabolic line bundle is Ox ([—t]D), so the filtration is {Ox ([—t]D)};cr. The parabolic
dual of V, is defined to be

Vi = Jom(V,, Lg).

If {U}¢er is the filtration corresponding to the parabolic vector bundle V}, then Uy = (V._;_1)*, where € is a sufficiently
small positive real number.
We also note that #om(V,., W,) = W, @ V. (See [7,8].)

2.3. Orthogonal and symplectic parabolic bundles

Fix a parabolic line bundle L,.
Let E, be a parabolic vector bundle, and let

¢ E.®E, — L, (2.7)

be a homomorphism of parabolic bundles. Tensoring both sides of the above homomorphism with the parabolic dual E} we
get a homomorphism

¢®Id:E, ®E, ®E — L, . (2.8)

We note that the sheaf of sections of the vector bundle underlying E, ® E is the sheaf of endomorphisms of E preserving the
quasi-parabolic flags. Sending any locally defined function h to the locally defined endomorphism of E given by pointwise
multiplication with h, the trivial line bundle ©yx equipped with the trivial parabolic structure (meaning there is no nonzero
parabolic weight) is realized as a parabolic subbundle of E, ® EJ. In fact, this line subbundle Ox C E. ® E} is a direct
summand of the subbundle of E, ® E defined by the sheaf of parabolic endomorphisms of trace zero. Let

G E—L.OF (29)

be the homomorphism defined by the composition

* x pold
E,.=E, ®0x — E, ® (E, ®E*) = (E, ®E,) X ©5 1, @ E*.

Definition 2.1. A parabolic symplectic bundle is a pair (E,, ¢) of the above form such that ¢ is anti-symmetric, and the
homomorphism ¢ in (2.9) is an isomorphism.

A parabolic orthogonal bundle is a pair (E,, ¢) of the above form such that ¢ is symmetric, and the homomorphism ¢ is
an isomorphism.

2.4. Equivalence with other definitions in the case of rational parabolic weights

When all the parabolic weights are rational, principal bundles with parabolic structure were defined in [2,9]. We will
show that Definition 2.1 coincides with the definition in [2,9] when the parabolic weights are rational.

In this subsection we assume that all the parabolic weights are rational numbers.

We recall that there is a natural correspondence between parabolic vector bundles on X and orbifold vector bundles after
we fix a suitable ramified Galois covering of X depending on the common denominator of the parabolic weights [10]. This
correspondence takes the dual of a parabolic vector bundle E, to the usual dual of the orbifold vector bundle corresponding
to E,; it takes the tensor product of two parabolic vector bundles to the usual tensor product of the corresponding orbifold
vector bundles.

Therefore, if (E,, ¢) is a parabolic symplectic or orthogonal vector bundle (see Definition 2.1), then ¢ induces a bilinear
form ¢’ on the orbifold vector bundle E’ corresponding to the parabolic vector bundle E... This form ¢’ takes values in the
orbifold line bundle L’ corresponding to the parabolic line bundle L,. We note that ¢’ is nondegenerate because ¢ in (2.9)
is an isomorphism. Therefore, (E’, ¢’) is an orbifold symplectic or orthogonal vector bundle depending on whether (E,., ¢)
is symplectic or orthogonal. Hence (E,, ¢) defines a principal parabolic bundle in the sense of [2,9] (see [2, pp. 350-351,
Theorem 4.3], [9, p. 124, Theorem 1.1]). The converse also follows similarly.
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2.5. Adjoint bundle
Let E, be a parabolic vector bundle over X; the vector bundle underlying this parabolic vector bundle will be denoted by
E.Let U be a Zariski open subset of X, and let
T: ElU —> ElU
be an @y-linear homomorphism. This homomorphism is called parabolic if for every x; € U (S,
T(Fj) C Fy
foreveryj € [1, a;] (see (2.2)). Let
End”(E,) C End(E) := E ® E*

be the coherent subsheaf defined by the sheaf of all parabolic endomorphisms of E. As mentioned in Section 2.3, End” (E,.)
is the vector bundle underlying the parabolic vector bundle E, ® E}.

Now take a homomorphism ¢ : E, ® E, —> L, such that (E,, ¢) is a symplectic or orthogonal parabolic bundle. Let L be
the line bundle underlying the parabolic bundle L,. Since the vector bundle underlying E, ® E, contains E ® E as a subsheaf,
the homomorphism ¢ gives a homomorphism

0 EQE— L.

Let

ad(E,, ¢) C End?(E,) (2.10)
be the subbundle generated by the sheaf of homomorphisms

T:E—E

lying in End? (E,)) such that
@o(T(a) ® B) + @o(@ @ T(B)) =0

for all locally defined sections « and § of E.
The vector bundle ad(E,, ¢) defined in (2.10) will be called the adjoint bundle of (E,, ¢).
The rank of ad(E,, ¢) is the dimension of the orthogonal or symplectic group corresponding to ¢. Let

End’(E) C End(E)

be the subbundle of corank one defined by the sheaf of endomorphisms of E of trace zero. Since ¢|x\s is nondegenerate, we
have

ad(E,, ¢)Ix\s C End®(E)|x\s-
Since X \ S is Zariski open, this implies that
ad(E,, ¢) C End°(E). (2.11)

We will give another description of the subbundle ad(E,, ¢). For any locally defined parabolic homomorphismT : E, —>
E., we have the dual homomorphism

T* : Ef — E.

The section T of End?(E,) lies in ad(E,, ¢) if and only if the following diagram is commutative

E. 5 Er®L,
lT lT* ® Id;
E. 5 E*®L,

where ¢ is the isomorphism in (2.9).
Equip the line bundle Ox (S) with the trivial parabolic structure (so there is no nonzero parabolic weight). Consider the
parabolic vector bundle ad(E,, ¢) ® Ox(S). Let

ad®(E,, ) C ad(E,, ¢) ® Ox(S) (2.12)
be the coherent subsheaf defined by the sheaf of all locally defined sections

T:E, — E, ® Ox(S)
of ad(E,, ¢) ® Ox(S) such that T(F;;) C F;j4; forallx; € S in the domain of T and allj € [1, a;] (see (2.2)).



1466 L. Biswas et al. / Journal of Geometry and Physics 61 (2011) 1462-1475

Let tr : End(E) ® End(E) —> Ox be the homomorphism defined by A ® B —— trace(A o B). Consider the composition

ad(E,. ¢) ® ad®(E,. ¢) — End(E) ® (End(E) ® Ox(S)) =25 0x(S).

The image of this composition homomorphism is the subsheaf Oy C Ox(S), and the above pairing
ad(E,, ¢) ® ad’(E,, ¢) — Ox

is nondegenerate. Hence we get an isomorphism of vector bundles

ad®(E., ) —> ad(E., ¢)*. (2.13)

3. Connection on parabolic orthogonal and symplectic bundles

3.1. Logarithmic connection

Let £2x be the canonical line bundle of X. A logarithmic connection on a holomorphic vector bundle W — X singular
over S is a first order holomorphic differential operator

satisfying the Leibniz identity which says that D(fs) = fD(s) 4+ s ® df, where f is a locally defined holomorphic function and
sis alocally defined holomorphic section of W. See [11] for the details.

Since S is fixed, we will often refrain from referring to S. A logarithmic connection on X will always mean that the singular
locus of the logarithmic connection is contained in S.

For notational convenience, the line bundle 2x ® Ox(S) will be denoted by £2x(S). Take any point x; € S. Using the
Poincaré adjunction formula, the fiber £2(S)y, is identified with C. We recall that if f is a function defined on an open
neighborhood of x; such that f (x;) = 0, and df (x;) # 0, then the evaluation of the section (df)/f of £2x(S) at x; is 1. For a
logarithmic connection (V, D), consider the composition

V> V@ 2(S) — (V& 2¢(S))y, = V.. (3.1)

where V ® 2 (S) —> (V ® £2x(5))x, is the restriction map. This composition is Ox-linear due to the Leibniz identity, hence
it defines an endomorphism of the complex vector space V,,. This endomorphism is denoted by

Res(D, x;) € Endc(Vy,),

and it is called the residue of D at x;; see [11, p. 53].
Let E, = (E, {F;;}, {ai;}) be a parabolic vector bundle. An algebraic connection on E, is a logarithmic connection D on E
such that for all x; € S, and allj € [1, a;] (see (2.2) for a;), the following two conditions hold:

Res(D, x;)(Fij) € Fi; (3.2)
(this condition implies that Res(D, x;) induces an endomorphism of the quotient vector space F; j/F; j11), and
ReS(Dv Xl’)'F,'{j/FiijF] =0jj- [dFi_j/F,'<j+1 ) (33)

where «; ; is the parabolic weight in (2.3).

Lemma 3.1. If E, admits an algebraic connection, then par-deg(E,) = 0.

Proof. Let W be a vector bundle over X equipped with a logarithmic connection D singular over S. Then

n
degree(V) + Z trace(Res(D, x;)) = 0
i=1

[12, p. 16, Theorem 3]. In view of this, the lemma follows immediately from (3.3) and the definition of parabolic degree given
in(24). O

Lemma 3.2. Let E, and F, be parabolic vector bundles equipped with algebraic connections D¢ and Dy respectively. Then D¢ and
Dr together induce an algebraic connection on E, ® F,. Also, Dg induce an algebraic connection on E}.

Proof. Let E and F be the vector bundles underlying E, and F,, respectively. The logarithmic connection D¢ on E induces a
logarithmic connection on the dual vector bundle E*; this logarithmic connection on E* will be denoted by Dj. Let E; be the
vector bundle underlying the parabolic vector bundle E}. This Ej is a subsheaf of E*. It is straightforward to check that the
logarithmic connection D; on E* produces a logarithmic connection on Ej, and the resulting logarithmic connection on E
is an algebraic connection on the parabolic vector bundle E}.
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The two logarithmic connections Dr and Dr together define a logarithmic connection on E ® F. The line bundle Ox(S)
has a natural logarithmic connection given by the de Rham differential f —— df. This logarithmic connection on O (S) and
the above logarithmic connection on E ® F together define a logarithmic connection on E ® F ® Ox(S).

The vector bundle (E, ® F,)o underlying the parabolic tensor product E, ® F, is a subsheaf of E ® F ® Ox(S). It is
straightforward to check that the above logarithmic connection on E ® F ® Ox(S) produces a logarithmic connection on
(E« ® F,)o, and the resulting logarithmic connection on (E, ® F,)g is an algebraic connection on the parabolic vector bundle
E.QF. O

It is known that a parabolic line bundle E, on X of degree zero admits an algebraic connection. In fact E, has a unique
unitary flat connection [13-15]. We include a simple proof.

Lemma 3.3. Let E, be a parabolic line bundle with par-deg (E,) = 0. Then E,. admits an algebraic connection.

Proof. For any x; € S,let 0 < X; < 1 be the parabolic weight of E, over x;. Let d be the degree of the vector bundle E
underlying E,. So,

n
par-deg(E,) = d + Z Ai=0. (3.4)
i=1
An algebraic connection on E, is a logarithmic connection on E with residue A; at each point x; € S.

Fix a divisor A = Zj";dyj — ZZL] zi such that E = Ox(Ag). We may, and we will, assume that x;, y; and z; are
all distinct points. As mentioned before, Ox(Ag) has a tautological logarithmic connection £, defined by the de Rham
differential defined by f —— df. This logarithmic connection Dy is singular over the points {yj}j";ﬁd and {zj j”;], and its
residue over each y; is —1 and its residue over each z; is 1. To prove that E, admits an algebraic connection, it suffices to
produce a section w of the line bundle

m-+d m
L = Qx [0%9] @X(S) 2] OX (Zyj> X (9)( ( Zk) (35)

=1 k=1

such that the residue of w over every x; € S is A;, over each y; is 1 and over each z; is — 1. Indeed, the logarithmic connection
Do + w on E, where w is a section of the line bundle £ in (3.5) satisfying the above residue conditions, is an algebraic
connection on E,.

To construct such a section w, consider the short exact sequence of coherent sheaves on X

0— 2x—>L—>L mdg mw —0.
S+ yj+k¥]Zk

=

Let

m+-d m
HO(X, £) —> (EB £|Xi> ) (EB £|yj> ) (EB £|Zk> — H'(X,2x) =C (3.6)
j=1

X;€S k=1

be the corresponding long exact sequence of cohomologies. From (3.6) it follows that .£ has a section with the given residues

over S, {y; J’"jld and {z; j’"z 1 as long as the sum of all the residues is zero. Therefore, from (3.4) we conclude that there is a

section w such that the residue of w over each x; € S is A;, over each y; is 1 and over each z; is —1. This completes the proof
of thelemma. O

3.2. Definition of an algebraic connection

Let E, = (E, {Fi;}, {«;;}) be a parabolic vector bundle of rank r. Let L, be a parabolic line bundle. Let
¢ E.®E, — L,
be an orthogonal or symplectic parabolic structure. We have
par-deg(L, ® E) = r - par-deg(L,) + par-deg(E}) = r - par-deg(L,) — par-deg(E,).

Hence from the isomorphism ¢ in (2.9) it follows that

r - par-deg(L,) = 2 - par-deg(E,). (3.7)
Therefore,
par-deg(L,) = 0 <= par-deg(E,) = 0. (3.8)

In this subsection we assume that par-deg(L,) = 0.
Since par-deg(L,) = 0, from Lemma 3.3 we know that L, has an algebraic connection. Fix an algebraic connection D;
onlL,.
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As before, let (E,, ¢) be a symplectic or orthogonal parabolic bundle. Let D be an algebraic connection on the parabolic
vector bundle E,.. The algebraic connection D on E, induces an algebraic connection on E}. This induced algebraic connection
on E} and the algebraic connection D; on L, together produce an algebraic connection on E} ® L, (see Lemma 3.2).

Definition 3.4. The algebraic connection on D on E, is said to be compatible with g if the isomorphism @ : E, —> L, ® E
in (2.9) takes the algebraic connection D on E, to the algebraic connection on L, ® E} constructed above from D and D;.
An algebraic connection on (E,, ¢) is an algebraic connection on E, compatible with ¢.

Let D be an algebraic connection on the parabolic vector bundle E,. We will describe a criterion for D to be compatible
with .

Let D’ be the algebraic connection on E, ® E, induced by D (see Lemma 3.2). The algebraic connection D is compatible
with ¢ if and only if the homomorphism ¢ intertwines D" and D; (the given algebraic connection on L,).

The algebraic connections D and D; together produce an algebraic connection on the parabolic tensor product L, ® E} ®E;.
On the other hand, ¢ defines a section of L, ® E} ® E;*. The homomorphism ¢ intertwines D’ and Dy if and only if the section
of L, @ E} ® E; defined by ¢ is flat with respect to the algebraic connection on L, ® E; ® E constructed using D and D;.

If D1 and D, are algebraic connections on (E,, ¢), then

Dy — D, € H'(X, ad’(E., ¢) ® £2x),
where ad®(E,, ¢) is the vector bundle in (2.12). Conversely, for any algebraic connection D on (E,, ¢), and for any
0 € H°(X, ad’(E,, ) ® £2x),

their sum D + 0 is also an algebraic connection on (E,, ¢). Therefore, the following holds:

Lemma 3.5. The space of all algebraic connections on (E,, ¢) is an affine space for the vector space H(X, ad®(E,, ¢) ® £2x).

3.3. Generalized logarithmic connection

Let U C X be a nonempty Zariski open subset. The intersection U (]S will be denoted by Sy. The canonical line bundle
of U will be denoted by £2y. Fix an algebraic function w on U. Let V be an algebraic vector bundle on U.
A generalized logarithmic connection on V with weight w is an algebraic differential operator

D:V—VQ® Qu(SU) =V® QU ® Ou(SU)
satisfying the identity
D(fs) = fD(s) + w - s ® df, (3.9)

where f is a locally defined algebraic function, and s is a locally defined algebraic section of V.

The identity in (3.9) implies that the order of the differential operator D is at most one. The order of D is zero, meaning D
is Oy-linear, if and only if w = 0. We also note that D is a logarithmic connection over U if w = 1.

A generalized logarithmic connection on V. — U is a pair (w, D), where w is an algebraic function on U, and D is a
generalized logarithmic connection on V with weight w.

Given any generalized logarithmic connection (w, D) on V — U, for any point x; € Sy, consider the composition

V=5 Ve Qu®0u(Sy) = Ve 2uSy) — (VO uSu)k =V
asin (3.1). It defines an endomorphism
Res(D, x;) € Endc(Vy,);

this endomorphism will be called the residue of D at x;.

Let E, = (E, {Fj}, {«;;}) be a parabolic vector bundle. Let U C X be a nonempty Zariski open subset. A generalized
algebraic connection on E, |y is generalized logarithmic connection (w, D) on E|y satisfying the following condition: for any
xieU ﬂS,

Res(D, x;)(Fij) € Fi; and Res(D, x| /r,;,, = wi) - aij - Idr, j/r, .

forallj € [1, a;]; the first condition ensures that Res(D, x;) induces an endomorphism of F; j /F; j41.

3.4. Connections and Atiyah exact sequence

As in Section 3.2, we assume that par-deg(L,) = 0. We also fix an algebraic connection D; on L,.

Let E, = (E, {F;;}, {@i;}) be a parabolic vector bundle, and let (E,, ¢) be an orthogonal or symplectic parabolic bundle.
Let U C X be a nonempty Zariski open subset, and let w be a function on U. Note that w - D; is a generalized logarithmic
connection on L|y of weight w.
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If V (respectively, W) is a vector bundle on U equipped with a generalized logarithmic connection Dy (respectively, Dy )
of weight w, then Dy ® Idy, + Idy ® Dy is a generalized logarithmic connection on V ® W of weight w. Also, Dy induces
a generalized logarithmic connection Dy« on the dual vector bundle V* of weight w. This Dy+ is uniquely defined by the
following identity:

t(Dy(s)) + Dy (D)(s) = w - d(t(s)),

where s and t are locally defined sections of V and V* respectively.

Consequently, for any generalized algebraic connection D of weight w on the parabolic vector bundle E, |y, we have a
generalized algebraic connection D* on E}|y of weight w. Also, D* and w - D; together produce a generalized algebraic
connection on E} ® L, of weight w.

A generalized algebraic connection on D of weight w on the parabolic vector bundle E, |y is said to be compatible with ¢
if the isomorphism @ in (2.9) takes D to the generalized algebraic connection on EX ® L, constructed using D and w - Dy.

A generalized algebraic connection on (E,, ¢) over U is a generalized algebraic connection on the parabolic vector bundle
E, compatible with ¢.

Let

D(E., ) (3.10)

be the sheaf on X defined by the generalized algebraic connections on (E,, ¢).

We will show that D(E,, ¢) defines an algebraic vector bundle over X. For that purpose, first note that if (wq, Dy)
and (w,, D,) are generalized algebraic connections on (E,, ¢) over U, then (w; + w,, D1 + D,) is a generalized algebraic
connection on (E,, ¢) over U. Also, if w is a function on U, then (w - wy, w - D7) is a generalized algebraic connection on
(E«, @) over U. Consequently, D (E,, ¢) defines a coherent sheaf on X. Clearly, the Ox-module D (E,, ¢) is torsionfree, and
its rank coincides with 1 + rank(ad(E, ¢)) (see (2.10) for ad(E,, ¢)). Hence D (E,, ¢) is a vector bundle over X of rank
1 + rank(ad(E,, ¢)).

Let

n: D(Ex, 9) — Ox (3.11)

be the homomorphism defined by (w, D) —— w. From the Ox-module structure of D (E,, ¢) described above it follows
immediately that n is Ox-linear. Also, 7 is surjective.

The sheaf of generalized algebraic connections of weight zero on (E,, ¢) coincides with the sheaf of sections of the vector
bundle ad®(E,, ¢) ® £2x, where ad’(E,, ¢) is constructed in (2.12). Hence we have an inclusion

ad’(E,, ) ® 2x <> D(Es, 9).

Using this inclusion we get a short exact sequence of vector bundles on X

0 —> ad’(E,, ) ® 2x —> D(E,) —> Ox —> 0, (3.12)

where 7 is the homomorphism in (3.11).

The short exact sequence in (3.12)is a twisted form of the Atiyah exact sequence. More precisely, if the parabolic structure
onE, is trivial, then (3.12) tensored with TX coincides with the usual Atiyah exact sequence for the corresponding orthogonal
or symplectic bundle. We recall that an algebraic connection on a principal bundle is an algebraic splitting of the Atiyah exact
sequence associated to the principal bundle [4]. Also, note that splittings of a given short exact sequence are in bijective
correspondence with the splittings of the short exact sequence obtained by tensoring the given exact sequence with some
line bundle.

Recall the definition of an algebraic connection on (E,, ¢) (see Definition 3.4). If

0 :09x — D(E,, @)

is a homomorphism such that y oo = Ide,, where 7 is the homomorphism in (3.11), then the section o (1) of D (E;, ¢) is an
algebraic connection on (E,, ¢); here 1 is the section of Ox given by the constant function 1. Conversely, if D is an algebraic
connection on (E,, ¢), then there is a unique homomorphism

0 :0x —> D(E, 0)

such that o (1) = D. In other words, algebraic connections on (E,, ¢) are the splitting of the short exact sequence in (3.12).

4. Criterion for an algebraic connection

We assume that par-deg(L,) = 0. Fix an algebraic connection D; on the parabolic line bundle L,. Let
(Ex, 9) = ((E, {Fij}, {@ij}). @)

be an orthogonal or symplectic parabolic bundle. In this section, we will give a criterion for (E,, ¢) to admit an algebraic
connection.
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4.1. The case of symplectic bundles

First assume that ¢ is alternating. Let 2r be the rank of E.
Take any parabolic vector bundle V,. Using the natural pairing of V, with the parabolic dual V}, the parabolic vector
bundle V.. @ (V} ® L,) is equipped with a symplectic form with values in L,. Let

oy, (Ve @ (Vi®L)® (Vi ® (Vi ®L)) — L
be this symplectic formon V, & (V) ® L,).

Theorem 4.1. The parabolic symplectic bundle (E,, ¢) admits an algebraic connection if and only if the following holds: for every
parabolic vector bundle V, satisfying the condition that there is a symplectic parabolic vector bundle (W,, ¢) such that

(E*7 <,0) = ((V* ® (V: ® L*)) &® W*7 (;03* © ¢)’
we have

par-deg(V,) = 0.

Proof. First assume that (E,, ¢) admits an algebraic connection. Take a parabolic vector bundle V,, and a symplectic
parabolic vector bundle (W,, ¢), such that

(Es, 0) = (Vs ® (V: ® L)) & W,, <.03* ® ).
Fix an isomorphism 7 : (E., ¢) —> (Vi & (V] ® L)) ® W, gy @ ¢). Let

iV : V* — (V* @ (V: ® L*)) @ W* and jV = (V* @ (V: ®L*)) @ W* — V* (4-1)

be the injection and projection respectively constructed using 7.
Let D be an algebraic connection on (E,, ¢). Consider the composition

iy

D
V* — (V* @ (V: ® L*)) @ W — ((V* @ (V: ® L*)) @ W) ® QX ® OX(S)
Jv®ldoy goy(s)
LV, ® 2x @ 0x(S).
It is an algebraic connection on the parabolic vector bundle V... Now from Lemma 3.1 we conclude that par-deg(V,.) = 0.
To prove the converse, we will first show that it is enough to prove the converse under the assumption that (E,, ¢)
is irreducible, meaning it does not decompose into a direct sum of symplectic parabolic vector bundles of positive
rank.
We can write (E,, ¢) as a direct sum

(E.. ) = ED(EL o),
i=1

where each (EL, ¢') is irreducible. If the condition in the theorem holds for (E,, @), then it holds for each (E., ¢'). If each
symplectic parabolic vector bundle (Ei, ¢') has an algebraic connection D', then @?:1 D' is an algebraic connection on
(E«, ). Therefore, it is enough to prove the converse under the assumption that (E,, ¢) is irreducible.

We assume that (E,, ¢) is irreducible. Assume that the condition in the theorem holds for (E,, ¢).

We will show that the short exact sequence in (3.12) splits; recall that any splitting of (3.12) is an algebraic connection
on (Ey, ¢).

Using the Serre duality, the obstruction to the splitting of (3.12) is a cohomology class

c e H'(X, ad’(E,, @) ® 2x) = H*(X, ad(E., 9))* (42)

(see (2.13)). We will investigate the functional ¢ of H*(X, ad(E,, ¢)).

Take any A € H(X, ad(E,, ¢)). So, A is an endomorphism of E compatible with ¢ which preserves the quasi-parabolic
flags for E,. Consider the characteristic polynomial of A(x), x € X. Since there are no nonconstant algebraic functions on X,
the coefficients of the characteristic polynomial of A(x) are independent of x. Hence the eigenvalues of A(x), along with their
multiplicities, are independent of x. Since (E,, ¢) is irreducible, there is exactly one eigenvalue (otherwise the generalized
eigenspace decomposition of E contradicts irreducibility). On the other hand, A is of trace zero (see (2.11)). Hence A does not
have any nonzero eigenvalue.

Since A does not have any nonzero eigenvalue, we conclude that the endomorphism A is nilpotent. Now from the
argument in the proof of Proposition 18(ii) in [4, p. 202] it follows that the functional c in (4.2) satisfies the identity c(A) = 0.
Hence ¢ = 0. Therefore, (E,, ¢) admits an algebraic connection. 0O
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4.2. The case of orthogonal bundles

We now consider the case where (E,, ¢) is an orthogonal parabolic vector bundle.
Take any parabolic vector bundle V,. Using the natural pairing of V,. with the parabolic dual V}, the parabolic vector
bundle V., & (V) ® L,) is equipped with an orthogonal form with values in L,.. Let

QD‘S/* . (V* b (V: ® L*)) ® (V* () (V: ® L*)) — L*
be this orthogonal formon V,, @ (V} ® L,).

Theorem 4.2. The orthogonal parabolic bundle (E,, ¢) admits an algebraic connection if and only if the following holds: for every
parabolic vector bundle V. satisfying the condition that there is an orthogonal parabolic vector bundle (W,., ¢) such that

(Ew @) = (V. @ (V: ® L)) & W,, 90\5/* @ 9),
we have

par-deg(V,) = 0.

The proof of Theorem 4.2 is identical to the proof of Theorem 4.1.
In the absence of any parabolic structure, Theorems 4.1 and 4.2 coincide with the main theorem of [16] (Theorem 4.1)
for symplectic and orthogonal bundles respectively.

5. Semistable and polystable parabolic bundles

5.1. Semistability of tensor product

LetE. = (E, {F;;}, {i;}) be a parabolic vector bundle over X. Any subbundle F of E is equipped with an induced parabolic
structure which is obtained by restricting the quasi-parabolic filtrations and the parabolic weights of E to F. Let F, be the
parabolic vector bundle obtained this way.

The parabolic vector bundle E, is called stable (respectively, semistable) if for every subbundle F C E with 0 < rank(F) <
rank(E), the inequality

Mpar(Fe) < ppar(Ex)  (respectively, ppar (Fs) < ppar(Es)) (5.1)

holds (see [1], [5, p. 69, Définition 6]).

The parabolic vector bundle E, is called polystable if is semistable, and isomorphic to a direct sum of stable parabolic
vector bundles.

Fix a complete Hermitian metric gx on X \ S; it is Kdhler because dimc X = 1. The notion of an Einstein-Hermitian metric
on vector bundles over X extends to a notion of an Einstein-Hermitian metric on parabolic vector bundles (see [14, p. 492,
Definition 5.7], [ 13] for the details).

The following is a basic theorem (see [14, p. 497, Theorem 6.4], [13, p. 718, Theorem]):

Theorem 5.1. A parabolic vector bundle E, admits an Einstein-Hermitian connection if and only if E, is polystable, and the
Einstein-Hermitian connection on a polystable parabolic bundle is unique.

A C* connection on E, is a C* splitting of the short exact sequence in (3.12). An Einstein-Hermitian connection is not
algebraic unless it is flat.

Lemma 5.2. If E, and V,, are parabolic polystable vector bundles, then the parabolic tensor product E, ® V, is also polystable.

Proof. Both E, and V, admit Einstein-Hermitian connection by Theorem 5.1. The connection on E, ® V, induced by
Einstein-Hermitian connections on E, and V, is again Einstein-Hermitian. Hence E, ® V. is polystable. O

Any semistable parabolic vector bundle admits a filtration of subbundles such that each successive quotient is polystable
of same parabolic slope. Therefore, Lemma 5.2 has the following corollary:

Corollary 5.3. If E, and V, are parabolic semistable vector bundles, then the parabolic tensor product E, ® V, is also semistable.

5.2. Semistable and stable orthogonal and symplectic bundles

Let V be a finite dimensional complex vector space equipped with an orthogonal form B. Let SO(V) C SL(V) be the
subgroup consisting of all automorphisms that preserve B. Let

GO(V) C GL(V)
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be the subgroup consisting of all automorphisms T satisfying the condition that there is a constant ¢ € C* such that
B(T(v), T(w)) = c - B(v, w)

forall v, w € V. So GO(V) fits in a short exact sequence
e — SO(V) — GO(V) — C* — e.

Alinear subspace Vy C V is called isotropic if B(v, w) = O forall v, w € V4. The subgroup of GO(V) that preserves a fixed
nonzero isotropic subspace Vj is a maximal parabolic subgroup of GO(V). In fact all maximal parabolic subgroups of GO(V)
arise this way. Let V, be a nonzero isotropic subspace of V. Let

P C GO(V)

be the corresponding maximal parabolic subgroup. We will describe a Levi subgroup of P. Consider the orthogonal subspace
VOl C V for Vj. Since Vj is isotropic, we have Vy C VOL. Fix a complement Wy C VOL of the subspace Vj. The restriction of B
to Wy is nondegenerate. Fix an isotropic subspace V; C V such that V; is a complement of Vol. The subgroup of P consisting
of all automorphisms preserving both Wy and V; is a Levi subgroup of P. All Levi subgroups of P are of this form for some
choices of Wy and V;.

If B is a symplectic form on V, then define

Gp(V) C GL(V)
to be the subgroup consisting of all automorphisms T satisfying the condition that there is c € C* such that
B(T(v), T(w)) = c-B'(v, w)

for all v, w € V. As before, a linear subspace Vo C V is called isotropic if B(v, w) = 0 for all v, w € Vp. Maximal parabolic
subgroups of Gp(V), and the Levi subgroups of maximal parabolic subgroups, have exactly identical description as those for
GO(V).

Let E be a holomorphic vector bundle on X, and let L be a holomorphic line bundle on X. Let

0 EQE—L

be a nondegenerate bilinear form which is either symmetric or anti-symmetric. So (E, ¢o) defines a principal GO(V)-bundle
or a principal Gp(V)-bundle on X depending on whether ¢q is symmetric or anti-symmetric, where V is as before with
dimV = rank(E).

A holomorphic subbundle F C E is called isotropic if ¢o (F @ F) = 0.

Combining the above descriptions of maximal parabolic and Levi subgroups with the definition of a (semi)stable principal
bundle (see [17, page 129, Definition 1.1] and [17, page 131, Lemma 2.1]), we get the following:

The principal bundle defined by (E, ¢o) is stable (respectively, semistable) if and only if for all nonzero isotropic
subbundles F C E,

degree(F) - degree(E) degree(F) - degree(E)>
rank(F) rank(E) rank(F) — rank(E) )
The principal bundle defined by (E, ¢) is polystable if and only if either (E, ¢o) is stable, or there is a polystable vector
bundle W with
degree(W) _ degree(E)
rank(W) ~  rank(E) °
and an orthogonal or symplectic stable parabolic vector bundle (F, ¢) (depending on whether (E, ¢) is orthogonal or
symplectic), with ¢ taking values in the same line bundle L as for ¢y, such that (E, ¢g) is isomorphic to the direct sum
(W (W"RL) ®F, ow @ ¢),

where ¢ is the obvious orthogonal or symplectic structure on W & (W* ® L) constructed using the natural paring of W
with its dual W*.

(respectively,

5.3. Semistable and stable orthogonal and symplectic parabolic bundles

Let (E«, ¢) = ((E, {Fi;}, {@ij}), ¢) be an orthogonal or symplectic parabolic bundle. To clarify, we no longer assume that
the parabolic degree of L, is zero.

A subbundle F of E is called isotropic if the restriction of ¢ to F ® F vanishes identically.

The bundle (E,, ¢) is called stable (respectively, semistable) if

Mpar(Fs) < ppar(Es) (respectively, Mpar(F) < par(Ex))

for all nonzero isotropic subbundles F of E with 0 < rank(F) < rank(E).
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The bundle (E,, ¢) is called polystable if either (E,, ¢) is stable, or there is a parabolic polystable vector bundle V, with
Mpar(Vi) = ppar(Ey), and an orthogonal or symplectic stable parabolic vector bundle (F,, ¢) (depending on whether (E,, ¢)
is orthogonal or symplectic) such that (E,, ¢) is isomorphic to the direct sum

((V* ® (V: & L*)) b F*’ Pv, ® (l))’

where ¢y, is the obvious orthogonal or symplectic structure on V,, @ (V; ® L) constructed using the natural paring of V,
with its parabolic dual V (so ¢y, is either <p“}* in Theorem 4.1, or (p‘s,* in Theorem 4.2); the parabolic vector bundle F, is
allowed to be zero.

It is easy to see that if (E,, ¢) is polystable, then (E,, ¢) is semistable.

In the above definition, the condition that ftpa (Vi) = pipar(E) implies that

l/Lpexr(\/>;|< ®L) = Mpar(E*)

because ppar (Vi @ (V) ® L)) = ppar(Es) (see (3.7)). If F, in the above definition is nonzero, then pip.r(Fi) = ppar(Es) from
(3.7).

5.4. Harder-Narasimhan filtration

Let (E., ) = ((E, {Fij}, {@i;j}), ¢) be an orthogonal or symplectic parabolic bundle. Assume that the parabolic vector
bundle E, is not semistable. Then it has a unique Harder-Narasimhan filtration

Vicvic...cvlcv!=E (5.2)
(see [5, p. 70, Théoréme 8]). Consider the filtration of E} & L,

EEQL — (V) ®L, — - — (V) ® L, (5.3)

where V,i, 1 <i < n, are as in (5.2) (the kernels of the projections from E} ® L* produce the filtration in (5.3)). From the
definition of a Harder-Narasimhan filtration it follows immediately that (5.3) is the Harder-Narasimhan filtration of E} ® L.

Any isomorphism between two parabolic vector bundles preserves the Harder-Narasimhan filtrations, because the
Harder-Narasimhan filtration is unique. Therefore, the isomorphism ¢ in (2.9) takes the filtration in (5.2) to the filtration in
(5.3). Therefore, we have the following proposition:

Proposition 5.4. For any i € [1,n — 1], the image g'E(Vj;) coincides with the kernel of the projection E} @ L* — (V,’:")* ® Ly
in (5.3).

Since V! C V"1, Proposition 5.4 has the following corollary:
Corollary 5.5. The subbundle V*1 C E, in (5.2) is isotropic.

Proposition 5.6. Let (E., ¢) = ((E, {F;;}, {i}}), ) be an orthogonal or symplectic parabolic bundle. Then (E,, ¢) is semistable
if and only if the parabolic vector bundle E, is semistable.

Proof. If the parabolic vector bundle E, is semistable, then obviously (E,, ¢) is semistable. To prove the converse, assume
that the parabolic vector bundle E, is not semistable. Let (5.2) be the Harder-Narasimhan filtration of E,. Since ;Lpar(v*]) >
Mpar(Es), and V*1 C E, is isotropic (see Corollary 5.5), we conclude that V*1 violates the semistability criterion for (E,, ¢).
Therefore, (E,, ¢) is not semistable. O

5.5. The socle filtration

Let E, = (E, {Fi;}, {«;;}) be a semistable parabolic vector bundle. If V,, and W, are polystable nonzero subbundles of E,
with

Mpar(v*) = .upar(W*) = :upar(E*)a

then the parabolic subbundle F, C E, generated by V.. and W, is also polystable with pip.r(F.) = ppar(Es); the proof of it is
identical to that of [18, p. 23, Lemma 1.5.5].

Therefore, there is a unique maximal polystable parabolic subbundle E, C E, such that ups(E,) = ppar(Es). This
parabolic subbundle E;, is called the socle of E,.

For the socle E, C E,, if E,/E, # 0, then the parabolic vector bundle E. /E] is semistable, and ptpar(E«/E,) = tpar(Es).
We may consider the socle of E, /E,. Hence there is a unique filtration of parabolic subbundles

0=E'CE/CEC---CE"'"CE'=E, (5.4)

such that for each i € [1, m — 1], the quotient E. /EL"" is the socle of E,/E. ™.
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Since E, is semistable, the parabolic vector bundle E} ® L, is semistable. The filtration

Ef®L* - (Ef—l)* QLy = -+ —» (E;)* ®L, (5.5)

obtained from (5.4) clearly coincides with the socle filtration of E} & L*.

Let ¢ be a bilinear form E,, such that (E,, ¢) is an orthogonal or symplectic parabolic vector bundle. From the uniqueness
of the socle filtration it follows immediately that the isomorphism ¢ in (2.9) takes the filtration in (5.4) to the filtration in
(5.5).

Proposition 5.7. Let (E,, ¢) be a polystable orthogonal or symplectic parabolic bundle. Then the parabolic vector bundle E, is
polystable.

Proof. Since (E,, ¢) is polystable, it is semistable. Hence E, is semistable by Proposition 5.6. Let (5.4) be the socle filtration
of E,. It was noted above that the isomorphism ¢ in (2.9) takes the filtration in (5.4) to the filtration in (5.5).
We assume that E, is not polystable. Therefore, we have rank(E;) < rank(E,), where E,} is the socle of E, in (5.4).
Since @ takes E] isomorphically to the kernel of the projection E} ® L* — (E™"~1)* ® L,, it follows immediately that
@ELE™N =0.

*0 Tx

We now conclude that E; is isotropic because E} C EM™~. Since (E,, ¢) is polystable, and E; is an isotropic subbundle with
Mpar(ED) = ppar(Ey), we conclude that there is an orthogonal or symplectic parabolic vector bundle (Fy, ¢) (depending on
whether (E,, ¢) is orthogonal or symplectic) such that (E,, ¢) is isomorphic to the direct sum

((E; ® (E)* ® L) ® Fe, g1 ® 9),

where Prl is the obvious orthogonal or symplectic structure on E! @ ((El)* ® L,) constructed using the natural paring of E;
with its parabolic dual (E])* (so ¢;1 is either g9, in Theorem 4.1, or ¢*, in Theorem 4.2).
* Ey Ey Ey

Note that fpar(E}) = ppar((ED* ® L) = ppar(Fi). Since the parabolic vector bundle E, is isomorphic to E} & ((E})* ®
L,) ®F,, we have a contradiction to the fact that El is the maximal polystable parabolic subbundle of E, with parabolic slope
Mpar(E«). Therefore, we conclude that E, is polystable. O

6. Einstein-Hermitian connection on orthogonal or symplectic parabolic bundle

As in Section 5.1, fix a complete Hermitian metric gx on X \ S. Let V| be the Einstein-Hermitian connection on L, given
by Theorem 5.1 (we do not assume that par-deg(L,) = 0).

Let (E., ) = ((E, {Fij}, {@ij}), ¢) be an orthogonal or symplectic parabolic bundle; the form ¢ takes values in L,. If
D is an Einstein-Hermitian connection on E,, then the connection D* on E} induced by D is also Einstein-Hermitian.
The Einstein-Hermitian connection D* on E; and the Einstein-Hermitian connection V; on L, together define an
Einstein-Hermitian connection on E} ® L,.

An Einstein-Hermitian connection on (E,, ¢) is an Einstein-Hermitian connection D on E, such that the isomorphism ¢
in (2.9) takes D to the connection on E} ® L, constructed using D* and V.

Theorem 6.1. Let (E,, ¢) be an orthogonal or symplectic parabolic bundle. Then (E,, ¢) admits an Einstein-Hermitian
connection if and only if (E,, @) is polystable.

Proof. If (E,, ¢) admits an Einstein-Hermitian connection, then the proof of the “only if’ part of Theorem 5.1 gives that
(E.«, @) is polystable. (It should be clarified that the nontrivial part of Theorem 5.1 is that a polystable parabolic bundle
admits an Einstein-Hermitian connection.)

To prove the converse, assume that (E., ¢) is polystable. Then the parabolic vector bundle E, is polystable by
Proposition 5.7. Let D be the unique Einstein-Hermitian connection on E, (Theorem 5.1). The connection on E; ® L,
constructed using D* and V; is Einstein-Hermitian. On the other hand, the connection on E} ® L, given by D using the
isomorphism ¢ in (2.9) is also Einstein-Hermitian. Now from the uniqueness of the Einstein-Hermitian connection on a
polystable parabolic vector bundle it follows immediately that the above two connections on E; ® L, coincide. O

We have the following converse of Proposition 5.7.

Corollary 6.2. Let (E,, ¢) be an orthogonal or symplectic parabolic bundle such that E, is polystable. Then (E,, ¢) is polystable.

Proof. Let D be the Einstein-Hermitian connection on E,, given by Theorem 5.1. We saw in the proof of Theorem 6.1 that D
is an Einstein-Hermitian connection on (E,, ¢). Therefore, (E,, ¢) is polystable by Theorem 6.1. O

It should be mentioned that if (E,, ¢) is stable, then E, is not stable in general. To construct such examples, take stable
bundles (E,, ¢) and (F,, ¢) with both orthogonal or both symplectic, and both ¢ and ¢ taking values in a fixed line bundle
L. Then (E, @ F, ¢ @ ¢) is also stable, but E, & F, is not stable.
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